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We search for strongly lensed and multiply imaged gravitational wave signals in the second ob-
serving run of Advanced LIGO and Advanced Virgo (O2). We exploit a new source of information,
the so-called Morse phase, which further mitigates the search background and constrains viable
lenses. The best candidate we find is consistent with a strongly lensed signal from a massive binary
black hole (BBH) merger, with three detected images consisting of the previously catalogued events
GW170104 and GW170814, and a subthreshold trigger, GWC170620. Given the number of BBH
events detected so far, we estimate an overall false alarm probability ∼ 10−4 for the observed high
degree of parameter coincidence between the three events. On the flip side, we measure the Morse
phase differences which suggest a complex and atypical lens system, with at least five images in-
cluding a magnified image at a local maximum of the Fermat potential. The low prior probability
for multiple lensed images and the amount of fine tuning required in the lens model reduce the
credibility of the lensing hypothesis. The long time delays between lensed images point toward
a galaxy cluster lens with an internal velocity dispersion σ ∼ 650 km/s, and the observed strain
amplitudes imply a likely range 0.4 < z . 0.7 for the source redshift. We provide an error ellipse
of ∼ 16 deg2 for the sky location of the source together with additional specific constraints on the
lens-host system, and encourage follow-up efforts to confirm or rule out any viable lens. If this
is indeed a lensed event, successfully pinpointing the system would offer a unique opportunity to
identify the host galaxy of a BBH merger, and even localize the source within it.
I. INTRODUCTION
In general relativity, gravitational waves (GWs) are
subject to gravitational lensing by intervening masses
along the wave trajectory from the source to the ob-
server (in an entirely analogous manner to electromag-
netic waves [1]). In the strong lensing regime, this results
in the formation of multiple images of a single source. It
was suggested earlier [2, 3] and has become clear since
the discovery of the first binary merger, GW150914, by
the LIGO and Virgo collaboration [4] that the most
promising case of lensing of GWs would involve signals
from merging binary black holes (BBHs) magnified by
intervening galaxy or galaxy cluster lenses [5–9], because
these sources are routinely detected from cosmological
distances z & 0.3.
Identifying multiple lensed images of a BBH source
will enable a search for the underlying lens–host system
in the optical catalog of galaxy/cluster lenses based on
information extracted from the GW observations. This
opens up the possibility of pinpointing the host galaxy of
a BBH merger, and even locating the source environment
within the host galaxy [10]. Besides, the strong lensing
by a macroscopic lens can enhance the chance that one
or several images are further perturbed by substructures
∗ ldai@ias.edu
within the lens, producing wave diffraction imprints that
may shed light on the elusive sub-galactic dark matter
halos devoid of luminous matter [11] or stellar mass ob-
jects [12, 13]. Detection and follow-up study of lensed
BBHs should foster the development of methodologies
applicable to rarer lensed GW events with electromag-
netic counterparts at future ground-based detectors. Pre-
cise characterization of the associated host-lens systems
will enable new cosmological tests [14–16].
Motivated by the high values of the redshifted masses
of the black holes in LIGO–Virgo BBH mergers, there
have been suggestions that several BBH signals detected
during the LIGO–Virgo O1 and O2 observing runs may
have been multiple images of lensed sources [17–19]. On
the other hand, theoretical calculations suggest that the
observed rate of detected strongly lensed GW events
during the O2 run should be small (∼ 10−3–10−2 per
year), assuming standard populations of BBH sources
and galaxy lenses [5–9, 20]. Unexpectedly high merger
rates beyond the current detection horizon, at z ∼ 1–
2, can greatly enhance the apparent fraction of lensed
events, but such scenarios will be subject to constraints
on the stochastic background from the population of un-
resolved mergers [21, 22]. Previous analyses did not un-
cover significant evidence for either magnification or mul-
tiple images due to galaxy lensing among O1 and O2
BBH events [12], and certainly not all BBH events hith-
erto detected could have been strongly lensed [23].
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2In the geometrical optics regime, we would interpret
an isolated lensed image of a BBH signal as an unlensed
event with different intrinsic masses and from a different
redshift [5, 8, 20]. We can identify multiple lensed images
in a set of distinct signals by looking for significant coinci-
dences in the intrinsic source parameters and consistency
between the sky localizations. The signals in the differ-
ent images should also be consistent with a single source
inclination and polarization angle. There is an additional
subtlety with regards to the orbital phase: a geometri-
cally lensed waveform acquires a phase shift, the so-called
Morse phase, that equals pi/2 times the number of neg-
ative eigenvalues of the lensing Jacobian matrix. This
distinguishes images corresponding to minima, saddle
points, and maxima of the Fermat potential [24]. Con-
sequently, the inferred orbital phases of multiple images
of a merger will differ by integer multiples of pi/4 [25].
For single events, absolute orbital phases are poorly de-
termined since they are degenerate with other extrinsic
parameters. However, when considering the possibility
that several events are lensed images of the same source,
we can jointly infer the parameters for all signals by fix-
ing the inclination and polarization angle to common val-
ues (that we marginalize over), but allowing independent
orbital phases for different events. This procedure typ-
ically provides a good measurement of the difference in
the orbital phases (though each of them is ill-determined
due to the degeneracy mentioned above). These differ-
ences should have random values for unrelated events,
but should be integer multiples of pi/4 for multiple im-
ages of the same source. Previous searches for strongly
lensed GW events did not include Morse phases in their
criteria, and did not measure their values for their can-
didates [12, 23, 26, 27]. In this work, we demonstrate
that the Morse phases provide crucial information that
reduces the search background and informs us about any
potential lens model.
Given the small prior probability for strong lensing, we
require dramatic evidence to robustly associate a set of
candidate multiple images with each other. For heavy
(GW150914-like) BBH events observed by the two LIGO
detectors with the typical signal-to-noise ratios (SNRs)
achieved during the O2 run, it is challenging to establish
that different signals are lensed images based on their
consistency in intrinsic parameters and sky localization,
unless the arrival time difference is shorter than a few
hours [27]. For lower mass systems, the detector-frame
chirp masses are well measured, and hence give discrim-
inating power to test the lensing hypothesis. However,
these events come on average from shorter distances,
and consequently the expected rate of lensed events (and
hence the prior probability for lensing) is lower, due to
which the lensing association is just as challenging to
make [12]. This makes past searches for lensed events
virtually insensitive to genuine lensed events, as the stan-
dard Bayesian procedure for interpreting agreements in
physical parameters would always prefer the unlensed
hypothesis (with the exception of event pairs with very
short time delays). In other words, at current detector
sensitivities, it is unlikely to achieve a statistically signif-
icant association of pairs of events.
This limitation will be drastically reduced if we consis-
tently detect events with three or more detectors in forth-
coming observing runs, in which case the improved sky
location and polarization information give us more dis-
criminating power[28, 29]. Furthermore, next-generation
instrumentation can improve the sensitivity at lower fre-
quencies [30] and increase the precision on all measured
parameters of the signals, and enable the detection of
low mass (say, chirp mass . 10M) BBH events from
cosmological distances. In this work, we do our best to
exploit all available information given the sensitivity of
GW data from O2 by searching for lensing association of
more than two BBH events.
Surprisingly, our search yielded a very improbable can-
didate, with three BBH events associated as lensed im-
ages of a single source. Two events, GW170814 and
GW170104, have previously been detected in searches
conducted by the LIGO/Virgo collaboration as well as by
other independent groups [31–36]. Previously in Ref. [12],
this pair was disfavored due to its long time delay. For
the same reason, this pair was not considered as a can-
didate in Ref. [23], even though it had the best degree
of parameter coincidence. We show that two factors
make this candidate interesting enough to warrant fur-
ther investigation: Firstly, the Morse phase difference is
consistent with one of the allowed values in geometri-
cal lensing. Secondly, for low source redshifts, there is
a significant relative contribution to the strong lensing
optical depth from galaxy clusters, which naturally pro-
duce long time delays. Given these considerations, we
perform a targeted search for sub-threshold lensed im-
ages, restricting intrinsic parameters, sky location, and
Morse phase shift to be compatible with association with
GW170814 and GW170104. This targeted search un-
covered a third BBH candidate, GWC170620, with high
significance. This candidate did not pass the report-
ing threshold of pastro > 0.1 for the subthreshold can-
didates in our full-bank search [36]; it was listed as a
subthreshold candidate in Ref. [34]. We determined the
significance of GWC170620 in our targeted search by em-
ploying the data analysis techniques we have previously
developed [37–40]. In addition, we develop an efficient
ranking statistic that integrates the likelihood over the
entire phase space of extrinsic parameters (including the
Morse phase shift; presented in Appendix A 4).
We determine that there is a probability ≈ 1.1% for
the O2 BBH catalog to have a pair of events that are co-
incident at the level of GW170814 and GW170104. We
compute this probability in a very conservative manner,
by only relying on the coincidence between extrinsic (ge-
ometrical) parameters such as sky locations and Morse
phases, and choosing to not interpret the matches be-
tween intrinsic parameters (this is akin to not using the
factor of BintL/U in Ref. [23]). Furthermore, we report
a false alarm probability of ≈ 8 × 10−3 that the tar-
3geted search uncovers a random noise event at the level
of GWC170620. However, as we will elaborate later, the
measured relative Morse phases require a complex lens
model with peculiar properties. This casts doubt on the
lensing interpretation, but we do not have a better ex-
planation for the intriguing parameter coincidences in the
triplet.
We organize the rest of the paper as follows: in Sec-
tion II, we explain the methodology of determining the
significance of the lensing association. In Section III, we
perform joint parameter estimation of the three events
under the lensing hypothesis. In Section IV, we discuss
the possible lens and source properties as inferred from
the GW signals. We show that any viable lens must be
a massive galaxy cluster, a possibility already considered
for O1 and O2 BBHs in previous studies [18, 41]. We
point out two potential candidate cluster lenses which
can be investigated to look for a host galaxy. In Section
V, we give concluding remarks and discuss the prospects
of finding the host galaxy. In Appendix A, we explain
in details how the significance of the candidate lensed
events is quantified. In Appendix B , we provide theo-
retical estimates on the occurrence probability of strong
lensing events that resemble our candidate case.
II. DETERMINING THE SIGNIFICANCE OF
THE PHYSICAL ASSOCIATION
We begin by identifying pairs of events that are com-
patible with having either the same or related intrin-
sic and extrinsic parameters and weighting their signifi-
cance. This significance depends on many factors: (1)
event SNRs; (2) time delays, strain amplitude ratios,
and inferred orbital phase differences between events; (3)
(detector-frame) chirp masses and spin parameters; (4)
inferred source redshifts; (5) detectors that were opera-
tional at the times of the events.
Each one of those may change the relative likelihood
between the lensed (H1) and unlensed (H0) hypotheses
by orders of magnitude. Moreover, the inference also de-
pends strongly on theoretical priors. We aim to robustly
quantify the significance of association in a way that is
conservative in terms of prior choices.
In order to make inference independently of prior
knowledge about intrinsic parameters, we first identify
pairs of events that have consistent intrinsic parameters,
and from there on we quantify the false alarm probability
of the pair of events having coincident extrinsic parame-
ters, for which prior distributions are known.
We quantify consistency in intrinsic parameters using
the score
Sint =
∫ L1(θ)L2(θ)pi(θ) dθ(∫ L1(θ1)pi(θ1) dθ1) (∫ L2(θ2)pi(θ2) dθ2) , (1)
where θ stands for collectively the set of intrinsic param-
eters, and L is the likelihood, with a subscript denoting
the event being used. The likelihood has been marginal-
ized over all extrinsic parameters, which we collectively
denote as ψ, with natural priors for angles, uniform pri-
ors for arrival times, and an Euclidean volumetric prior
for the apparent source distance. We then calculate the
distribution of Sint given simulated pairs of events with
the same parameters, from which we find a threshold
score Smin such that P (Sint < Smin|H1) < pFN, where
pFN is the false negative probability of dismissing a gen-
uine lensed image pair as unrelated. Since the a priori
probability for strong lensing is very small, and we seek
only convincing cases, pFN = 0.1 is a reasonable choice.
Event pairs with Sint > Smin are considered for further
evaluation of extrinsic parameter coincidence.
Since the number of candidates passing the above se-
lection is strongly mass dependent, we find it appropriate
to differentiate BBH events by detector-frame chirp mass.
For example, nearly all BBH event pairs with the chirp
mass above 40M appear to have consistent intrinsic pa-
rameters, while for BBH events of lower chirp mass only
two pairs out of a total of 15 in O2 pass the selection.
Therefore, we estimate (admittedly subject to large un-
certainty) the expected number of consistent pairs in O2
to be
〈Nconsistent pairs〉 = 2 (2)
As a sanity check, in Appendix A Fig. 6, we also quan-
tify the probability of finding a pair of events with in-
trinsic parameters appearing coincident at a level com-
parable to that of GW170104 and GW170814, under the
assumption that the underlying BBH population having
equal component masses and follow prior distributions
of isotropic component spin vectors and flat chirp mass.
Under this assumption, the occurrence probability for a
pair of events randomly having as good agreement in in-
trinsic parameters is 1.8% 2/15.
Next we examine the more model-independent infor-
mation from extrinsic parameters. To that end, we define
a score:
Sext =
∑
φM
∫
dψ d(A1/A2)L1(ψ)L2(ψ, φM , A1/A2)pi(φM , A1/A2,∆t)pi(ψ)
P (∆t|H0)
∫
dψ1 L1(ψ1)pi(ψ1)
∫
dψ2 L2(ψ2)pi(ψ2) (3)
Here ψ1 and ψ2 stand for the full lists of extrinsic pa- rameters separately describing the two events, respec-
4TABLE I: Summary of derived significance and inferred physical parameters. Time delays, Morse phase differences, and
magnification ratios are quoted for the three events GW170104, GWC170620 and GW170814 ordered according to the event
date.
Item Value Reference
Catalog FAP (GW170104, GW170814) 1.1× 10−2 Section II
Existence of GWC170620 (GPS time: 1181956460) 1.3× 10−2 Section II
Time delays (relative to GW170104) 0, 166.63 days, 222.01 days Section IV
Morse phase differences (relative to GW170104) 0, pi, pi Section III
Magnification ratios (relative to GW170814) 0.401± 0.08, 0.0719± 0.0024, 1 Section III
Apparent luminosity distance of GW170814 DGW170814L /
√
µGW170814 = 577
+159
−216 Mpc Section III
Expected number of lensed events in O2 10−2–10−3 [5–9, 20]a
a Note that cluster-scale lenses are neglected from the calculation in the references we list here, except for the simulation-based study of
Ref. [9]. We show in Appendix B that for low redshift sources dark matter halos significantly contribute to the lensing probability and
alter the distribution of time delays.
As it can be seen, the system presents a challenge in any interpretation. On one hand, if it is not associated, explaining the
fantastic association of GW170814, GW170104, along with the subthreshold trigger (GWC170620) requires a considerable
amount of fine tuning. On the other hand, the expected lensing rate is small, as estimated from the redshift using standard
assumptions in available literature. Moreover, the image types, order and magnification ratios require considerable fine tuning
to produce, making the lensing interpretation less plausible.
Whenever ± is used, one σ error-bars are quoted. Whenever the A+B−C notation is used, these are 95% confidence intervals.
tively, ψ is the set of extrinsic parameters common to the
two events under the hypothesis of multiple images, ex-
cluding the relative Morse phase φM , the amplitude ratio
A1/A2, and the arrival time difference ∆t. Summation is
performed over all possible values φM = 0, pi/2, pi, 3pi/2
allowed in geometrical lensing.
Since the value of Sext is prior-dependent, for meaning-
ful interpretation of it we compare the derived value to
the Sext distribution derived from simulated event pairs
of chance coincidence with the same S/N and detector
sensitivity combination. This renders its absolute nor-
malization irrelevant. Furthermore, we dramatically sim-
plify the computation by noticing that the priors change
more slowly than the likelihood does and hence priors
flat in φM , log(A1/A2) and ∆t can be used, as their ac-
tual values at their measured value could be taken into
account later in the computation. Details of computing
Sext are discussed in Appendix A.
Having all the components in place, we quantify the
probability for a catalog just like what we have to pro-
duce by chance a pair of events with consistent intrinsic
parameters and equal or better agreement in extrinsic
parameters:
P (better catalog)
= Nconsistent pairs P (Sext > Sext(pair))
= 1.1× 10−2.
(4)
As can be seen, the low probability derived for the pair
GW170814 and GW170104 warrants further considera-
tion. From just this pair of events, however, no addi-
tional information is accessible, while the theoretical lens-
ing probability is very low (see Appendix B). Therefore,
information gathered thus far does not yet constitute suf-
ficient evidence to claim a candidate.
In the search effort of Ref. [12] to find lensed multiple
images in the catalog of LVC events, the pair GW170104
and GW170814 were brought up as one of the most in-
teresting pairs, but were not assigned a high overall sig-
nificance due to theoretical prior against long time de-
lays. When neglecting the suppression of the overall sig-
nificance from the theoretical prior on the time delay,
however, an intriguingly high Bayes factor ∼ 250 was re-
ported favoring common source parameters (except for
the orbital phase, distance and times) over unrelated
ones. Our overall significance of parameter coincidence
Eq. (4) is lower than that number because we have chosen
to exclude the inference from consistent intrinsic param-
eters. We have made this choice because we prefer to re-
port a conservative significance insensitive to theoretical
priors on BBH mass and spin distributions, and because
we worry about potential numerical artifacts that could
bias the results when carrying out Bayes integration over
the entire high-dimensional parameter space. Moreover,
we note that the search for additional lensed images per-
formed by Ref. [23] also recovered the pair GW170814
and GW170104 as having the best waveform match, al-
though the authors did not further consider them for the
lensing hypothesis based on the conclusion of Ref. [12].
If the association is genuine, as we will discuss later in
Section IV, the long time delays between images point
to moderate magnification factors, a low source redshift,
and a high internal velocity dispersion for the lens. This
hint of a massive, complex lens motivates us to search for
additional lensed images in the data.
The association of GW170814 and GW170104 informs
us of a well determined source sky location, a single wave-
form template and partial information about the inclina-
tion and polarization angle. This should dramatically
reduce the search space and improve the search sensitiv-
5ity for uncovering additional images with lower SNR. To
exploit that, we implement a coherent score as a ranking
statistics that takes into account all possible information
we have collected from the pair. Details are presented in
Appendix A 4. This targeted search achieves a factor of
∼ 104 reduction in the look-elsewhere effect compared to
our standard search, making it ∼ 20% more sensitive in
strain amplitude.
This targeted search for sub-threshold signals uncovers
GWC170620, a candidate for an additional lensed image
associated with GW170814 and GW170104. The statis-
tical significance of this third candidate image is deter-
mined using time slides. We derive a false alarm proba-
bility 1.3× 10−2 for a random background signal to have
an equal or higher coherent score than what is found
for GWC170620 (see Appendix A 4). The interpretation
that GWC170620 is a genuine but unrelated BBH event
is substantially less likely.
The discovery of GWC170620 strongly augments the
significance of the coincidence found between GW170814
and GW170104. The probability of all this taking place
purely by chance is as small as ∼ 10−4.
We note in passing that GW170202, an event uncov-
ered in our full-bank search [36], also has consistent sky
location and a Morse phase with the candidate triplet
of GW170104, GWC170620 and GW170814. Its intrin-
sic parameters are very close to the ones inferred for the
triplet, but enforcing them to be exactly the same as the
ones of the triplet causes significant reduction in the like-
lihood. We therefore deem its association with the triplet
as a fourth candidate image a weak case that certainly
requires additional information.
We further mention that there is another set
of signals consistent with being a lensed triplet,
GW170425, GW170727, and GWC170321 (GPS time
1174138338.385). We measure the false alarm probability
for a catalog to contain these signals by chance to be sub-
stantially higher, about 1%. This is mainly due to larger
measurement uncertainties in all source parameters, and
the lack of a member signal with three-detector localiza-
tion which would otherwise enable a tight measurement
of the Morse phase differences. Note though that this
system has a higher prior probability of being lensed as
its inferred source redshift is substantially higher, and
hence a dramatically larger lensing probability a priori
(see Appendix B). While this set of three signals are also
consistent with being lensed, without additional informa-
tion we do not think this is an equally strong case as the
set of GW170104, GWC170620 and GW170814.
III. JOINT PARAMETER ESTIMATION
Under the lensing hypothesis, we perform parame-
ter estimation using all three BBH signals. We fit the
data to the IMRPhenomD waveform model [42] under
the assumption that both component spin vectors are
(anti-)aligned with the orbital angular momentum vec-
tor. There are four source intrinsic parameters common
to all three events, namely the two component masses
m1 and m2 (in the detector frame) and the dimension-
less spin magnitudes χ1z and χ2z perpendicular to the
orbital plane. We adopt the same mass prior as in
Ref. [36] and a prior flat in the effective spin parame-
ter χeff = (m1 χ1z + m2 χ2z)/(m1 + m2) as defined in
Ref. [43].
Lensed image candidates share the same right ascen-
sion and declination (α, δ) for source sky location, orbital
inclination ι, and polarization angle ψ, all under natural
priors. Since lensing time delays and magnification ratios
are unknown, for each event we independently fit for an
arrival time and a strain amplitude normalization. The
amplitude normalizations are parameterized in terms of
the apparent luminosity distance DL of GW170814 with
a prior uniform in the Euclidean volume P (DL) ∝ D2L in
the range 0 < DL < 10 Gpc, and flux magnification ratios
of GW170104 and GWC170620 relative to GW170814
with log-flat priors.
As explained before, the inferred orbital phases ϕ from
lensed images should have values that differ by integer
multiples of pi/4. Aiming to test the data against the
lensing hypothesis, we intentionally fit each event to an
independent orbital phase with a flat prior within the
range [0, pi), as appropriate for the dominant (`, m) =
(2, 2) radiation harmonic. We checked that the measured
orbital phase differences are uncorrelated with other pa-
rameters. Hence, inference results for other parameters
are approximately unaffected by our prior choice for the
orbital phases.
We use PyMultiNest [44] for sampling the posterior,
and compute the likelihood using the technique of relative
binning [45]. The posterior for the intrinsic parameters
is shown in Fig. 1. The inferred parameters remain con-
sistent with the ones reported in [35], but with smaller
uncertainties.
Figure 2 shows measured differences in the Morse
phases φ as converted from differences in the orbital
phase via ∆φ = 2 ∆ϕ (with 1σ uncertainties):
φGW170104 − φGW170814 = 3.28+0.18−0.18 rad, (5)
φGWC170620 − φGW170814 = 0.06+0.27−0.27 rad. (6)
The Morse phase differences are strikingly consistent
with the choice φGW170104 − φGW170814 = pi and
φGWC170620 − φGW170814 = 0. Uncertainties on these
measurements are small enough to rule out any other
choices allowed by geometric lensing. As we would like to
emphasize, mutual orbital phase differences between a set
of lensed image candidates are well measurable despite
large uncertainty in the orbital phase of any individual
event due to parameter degeneracy. For the three events
under our scrutiny, this is curious evidence supporting
lensing association. If these events are unrelated, mea-
surements most likely would have yielded random values
that are inconsistent with any of the allowed values as
indicated by red crosses in Fig. 2. The lensing explana-
tion, assuming all values indicated by the red crosses are
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FIG. 1: Posterior distributions for the detector-frame chirp
mass Mdetc , mass ratio q = m2/m1, and the effective spin
parameter χeff as inferred from a joint fit of GW170104,
GW170814 and GWC170620. Contours enclose area
containing 39% and 86% of the probability. Error bars
indicate the 95% and 5% percentiles.
equally probable, is ∼ 6 times more likely than a random
outcome agreeing with one of the red crosses by chance.
Figure 3 shows the distribution of inferred magnifica-
tion ratios between the three events (median and 68%
confidence interval):
µGW170814/µGWC170620 = 14.5
+5.9
−3.9, (7)
µGW170104/µGWC170620 = 5.7
+2.4
−1.6. (8)
The measured large magnification ratios are impressive,
owing to the facts that the SNR of GW detection is pro-
portional to wave amplitude and not flux, and that de-
tector response to a fixed source sky location varies sig-
nificantly with the sidereal hour which enables fortuitous
detection of faint lensed images.
As shown in Fig. 4, our joint parameter inference local-
izes the source to within an error ellipse of only 16 deg2
(90% confidence interval) on the sky.
IV. VIABLE LENS PROPERTIES
Through GW parameter inference, we have measured
the Morse phase differences, magnification ratios, and
arrival time differences between the lensed image candi-
dates. The observed strain amplitudes constrain the true
source luminosity distance divided by the square root of
the lensing magnification, up to degeneracy with the or-
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FIG. 2: Posterior distribution for the Morse phase
differences as inferred from a joint fit of GW170104,
GW170814 and GWC170620. The phase space has period
2pi along both dimensions. Marked with red crosses are all
combinations of values physically possible with geometric
lensing. Contours indicate 39%, 86% and 98% of the
probability.
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FIG. 3: Inferred magnification ratios between lensed image
candidates GW170814, GW170104 and GWC170620. The
magnification ratios are determined solely from the GW
data without imposing time-delay or image-topology priors.
bital inclination. These pieces of information strongly
constrain the viable lens.
Under the approximation of a single lens plane, the
measured Morse phase differences imply that GW170104,
GWC170620 and GW170814, ordered by their arrival
times, have image types L, H, H or H, L, L, where L/S/H
stand for minimum/saddle/maximum points of the Fer-
mat potential, respectively, following the notation used
by Ref. [24].
Provided that there are no discontinuities in the Fer-
mat potential, the number of images of various types
obey the following equation [24],
n(L) + n(H)− n(S) = 1 . (9)
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FIG. 4: Source sky location inferred under the lensing
hypothesis for the image candidates GW170814, GW170104
and GWC170620. Clusters found in the Planck catalog [46]
are shown as green disks, whose relative sizes indicate
cluster mass.
Therefore, at least two S images must have been missed.
In the “HLL” scenario, there must have been at least an-
other L image, i.e. the global minimum of the Fermat
potential, that arrived earlier than GW170104. In this
case, there must have been at least 4 missed images out
of a total of 7 images. The fraction of time during O2
when two or more detectors were simultaneously observ-
ing was less than 50%. Moreover, the detector antenna
patterns also present order unity variation as the Earth
rotates relative to the sidereal sky. Hence it may not be
surprising if about half of the images had evaded detec-
tion.
Since L images always have magnification factors
greater than unity [24, 47] 1, a lower limit for the source
redshift zS can be derived from the faintest L image (us-
ing the 5% percentile of the measured GW amplitude):
zHLLS > 0.26 , (10)
zLHHS > 0.13 . (11)
However, both scenarios require a magnified H image.
As far as we are aware of, this is uncommon in galaxy or
cluster lensing of quasars and supernovae. In the “HLL”
scenario, the last image GW170814 is the brightest of all
detected images. In the “HLL” scenario, the intermedi-
ate L image, which is the faintest detected image can-
didate, must have a magnification larger than unity and
thus the first H image has a magnification greater than
1 There can be possible violations of this statement in an expand-
ing universe because the lensing convergence may be negative if
part of the lens has a mass density lower than the cosmic mean
density. In practical situations of galaxy or cluster lensing, this
violation is unlikely.
about 6. Although in principle the observed Morse phase
differences can be accommodated by a physical lens, it
is not one typical of what have been observed for lensed
quasars and galaxies.
Absolute magnification factors are not measurable
from GW data alone. Large magnifications typically arise
when the source is close to a lensing caustic. Had the
magnification of GW170814 been very high, there should
have been another image that is almost equally magnified
but with opposite parity, i.e. an S image. For a crude
estimate, the time delay between a close pair of highly
magnified images should be of the order
∆t ∼ (1 + zL) DLDS
cDLS
∆θ3
θL
∼ (1 + zL) DLDS
cDLS
θ2L
µ3
∼ 0.02 d (1 + zL)
(
DLDS/DLS
400 Mpc
)(
θL
10′′
)2(
40
µ
)3
.
(12)
Here ∆θ is the image separation, θL is some characteristic
angular scale of the lens, and µ is the magnification factor
of the image pair. We introduce the lens redshift zL, and
the angular diameter distances to the lens DL, to the
source DS , and from the lens to the source DLS , whose
fiducial values are taken to be zL = 0.08 and zS = 0.5.
With an intraday time delay, how could a bright
counter image of GW170814 have evaded detection? It
is worthy to note that even if detectors remain stably
operational over many hours around the times of close
image multiplets, a bright counter image might still be
undetectable to the LIGO detectors due to the twice-
daily variation of the detector antenna patterns on the
sidereal sky [48].
We find out that, if GW170814 has a close counter im-
age of equal magnification, that image could have evaded
detection if it arrived ∼ 4–5 hours after GW170814 (vi-
able for the “HLL” scenario) when both LIGO detec-
tors became almost blind toward the inferred sky lo-
cation. During that period of time, the Virgo detec-
tor happened to have a favorable antenna response and
may have recorded a significant signal. This can be seen
in Fig. 5 in terms of the detector strain responses to a
face-on binary source. We therefore carry out a single-
template, directional search for coherent signals in the
LIGO–Virgo network targeting from 2 hours before to 8
hours after the time of GW170814. An intriguing sig-
nal consistent with the Morse phase of an S image and
equal magnification ratio with GW170814 is recovered
3.8 hours after GW170814 at a network SNR of 5.5. Un-
fortunately, this signal is indistinguishable from Gaussian
random noise according to our false alarm rate calcula-
tion. Our analysis nevertheless suggests that additional
equally bright images might have been hidden in noise
during normal LIGO/Virgo operation times due to an-
tenna pattern variations. In the regime of high magnifi-
cation, exactly equal image pair might also be idealistic
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FIG. 5: Strain amplitude responses for the Livingston,
Hanford and Virgo detectors around the time of GW170814,
computed for a face-on source at the sky location of
GW170814 and normalized to the Livingston response at the
time of the event.
as the flux becomes prone to perturbation from small-
scale substructure lenses [13, 49, 50], which also makes
room for the possibility of missed images with short time
delays.
As we will justify shortly, the probable Einstein scale
would be that of a galaxy cluster lens θL ∼ 10′′. For
sufficiently high magnification µ & 40, the expected
time delay between the highly magnified image pair be-
comes short enough < 1 h that detector response varia-
tion becomes irrelevant. Absence of such a counter image
within 1 h following GW170814, according to our tar-
geted search, implies that:
zS . 0.7 . (13)
This suggests that the source and hence the lens should
have relatively low redshifts, contrary to the typically ob-
served situations of strongly lensed background galaxies
or quasars.
For a singular isothermal lens, the characteristic inter-
nal velocity dispersion can be estimated as
σ ∼ c√
4pi
(1 + zL)
−1/4
(
td cDS
DLDLS
)1/4
∼ 400 km/s
(1 + zL)1/4
(
td
200 d
)1/4 (
DLDLS/DS
260 Mpc
)−1/4
.
(14)
The long time delays between detected candidate images
imply that the lens should be a massive cluster of galax-
ies. It is interesting to note that if the source redshift
is relatively low zS . 0.7, important contribution to the
lensing cross section comes from intervening galaxy clus-
ters with velocity dispersion 500 km/s < σ < 800 km/s
in addition to individual galaxy lenses. See Appendix B
for more details.
Since massive clusters are rare, we expect very few can-
didate lenses within the localization error ellipse shown
in Fig. 4. Within that region, we have found two clusters,
A3104 (RXCJ0314.3-4525) and A3112 (RXCJ0317.9-
4414), with roughly the correct velocity dispersion, and
low lens redshifts which are more compatible with the
inferred low source redshift.
Under the assumption of a single lens plane, it seems
inevitable in either the “LHH” or the “HLL” scenario
that a magnified H image forms due to a remarkably
and perhaps unrealistically shallow central profile in a
component lens. In principle, this can be avoided if there
are two lens planes. However, even in this case both lens
planes need to be super-critical, a situation that seems
extremely improbable to arise.
Therefore, the lensing interpretation of the triplet
GW170814, GW170104 and GWC170620 appears to re-
quire a complex lens. This was unexpected to be the first
lens found in GW observation according to many theoret-
ical calculations [7, 8], although recent studies based on
numerically simulated lens populations have highlighted
the contribution of cluster-scale lenses for high magni-
fication events [9]. Follow-up electromagnetic study of
these clusters and other candidate lenses would be of
great value to confirm or falsify this interpretation.
V. CONCLUSION
We have performed a search for multiple lensed images
of the same GW sources in LIGO O2, incorporating in-
formation from the Morse phases for the first time. We
have identified a set of three candidate lensed images of
GWs with long time delays that may have originated
from the same BBH merger. The association rests on
agreement in intrinsic and extrinsic parameters of two
catalogued events GW170814 and GW170104, and a sub-
threshold candidate GWC170620, with a chance proba-
bility ≈ 10−4. While this chance probability is low, the
a priori probability of detecting multiple lensed images of
the observed type during O2 is even lower. We therefore
judge that these candidates do not yet make a confident
case of strong lensing.
If these are genuine lensed events, the long time delays
imply that the lens is likely to be a cluster or a group
of galaxies. However, the image types as inferred from
the Morse phases, together with magnification ratios and
time delays, point to a peculiar image configuration, cast-
ing doubt on the lensing interpretation.
We narrow down the sky location of the viable source
to within ∼ 16 deg2, presenting the astronomy commu-
nity with a rare opportunity to identify the host galaxy
of a BBH merger. Any lens-host candidate system would
be put under stringent test based on the observed time
delays and magnification ratios.
Host galaxies of long gamma ray bursts are known to
be often intrinsically faint and small star-forming galax-
ies [51]. If the typical host galaxies of BBH mergers
9share similar properties, especially for heavy BBHs [52],
it may be challenging to detect them from cosmologi-
cal distances even with some amount of magnification.
The intrinsic optical luminosity of the host galaxies sen-
sitively depend on the BBH merger delay timescale, be-
cause a long delay timescale would mean shutdown of star
formation at the time of observation and hence a fainter
galaxy. In the case examined here, however, the expected
low source redshift suggests that the prospect of finding
the host galaxy in deep surveys of lensed galaxies might
be more optimistic than on average.
BBH coalescence may take place far away from a host
galaxy if BBHs are subject to strong natal kicks and if
the delay timescale to merger is long after binary forma-
tion. In this case, GWs from the BBH merger and the
host galaxy may be magnified by very different amounts.
Currently, this scenario of large source-host separation
lacks empirical evidence [53].
As inferred from the image types, several lensed im-
ages have been missed (at least 2 for “LHH” and 4 for
“HLL”). We therefore encourage the examination of any
additional usable data that the LIGO–Virgo collabora-
tion might have during engineering runs when the inter-
ferometers were locked. Any additional associated event
will further constrain the lens and make the lensing case
definitive.
If a host galaxy is found, one will be able to derive
the magnifications, image types, and approximate arrival
dates for the other images. Moreover, accurate knowl-
edge of the time delays will enable to constrain source
location within the host, providing valuable insight into
the formation mechanism of BBHs.
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Appendix A: Significance of the GW pair
1. Intrinsic parameter agreement
Assessing the significance of parameter coincidence be-
tween candidate lensed events is inherently uncertain to
some degree. This is mainly because it depends on our
theoretical prior on BBH mass and spin distributions.
The agnostic space to compare the agreement between
intrinsic parameters of two events is arguably the space
of coefficients cα’s of orthonormal base phase functions
using the formalism of geometric template placement we
lay out in Ref. [39]. In this space, the likelihood function
is well approximated by a multi-variate Gaussian, with a
covariance matrix that is proportional to the identity ma-
trix and scales with the inverse of the squared SNR. This
is exactly true if the PSD used to construct the template
bank coincides with the one at the event time. In prac-
tice, deviation from that causes negligible corrections.
Given an event, we compute the incoherent squared
SNR and fit the likelihood to a Gaussian in the cα space.
GW170814 and GW170104 belong to BBH (3,0) bank
which has only two large cα dimensions. In the left plot
of Fig. 6, we show the contours of the fitted Gaussian
for GW170814 and GW170104. The compactness of the
contours can be compared to the overall extent of the
region with physical templates, for which we show a set
of randomly generated physical templates used to con-
struct the template bank. The gradient in the value of
χeff is evident. The dimension perpendicular to that
gradient approximately follows the change in the chirp
mass. Clearly, the false alarm probability of having a
pair of events with coincident waveforms as GW170814
and GW170104 is sensitive to the actual χeff distribution
of BBH sources.
To quantify the coincidence in intrinsic parameters, we
inject waveforms according to a prior that is uniform in
chirp mass between 20 M and 40 M. To be conser-
vative, we restrict the mass ratio to be uniformly dis-
tributed only between 0.7 and 1. We consider a spin
prior that favors low χeff values by independently draw-
ing random spin vectors for binary components, whose
magnitudes are uniformly distributed between 0 and 1
and have random orientations.
Due to noise, the maximum likelihood cα’s recovered
from an injected signal are distributed around the in-
jected values with a variance that is inversely propor-
tional to the squared SNR. We verify and calibrate the
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relation between injected and recovered cα values using
a relatively small number of injections, and then take
advantage of this relation to bypass having to inject a
computationally prohibitive number of signals.
Fixing the peak location of the Gaussian likelihood for
the louder event GW170814, we draw random peak lo-
cations for the analog of GW170104 following the afore-
mentioned trick. We then quantify the overlap between
the two Gaussians by computing the following Bayesian
evidence ratio:
Bint =
Aeff
∫
d2cG1(c)G2(c)(∫
d2cG1(c)
) (∫
d2cG2(c)
) , (A1)
where Gi(c)’s are Gaussian approximation of the likeli-
hood functions for the pair of events, and we parameter-
ize the prior probability for the peak location in cα-space
as 1/Aeff in the vicinity of the parameters of GW170814.
There is a maximum value for Bint, which we define as
Bmaxint , when both Gi’s coincide in the peak location. The
right plot of Fig. 6 shows that only 1.8% of the injections
have a higher score than what is found for GW170814
and GW170104 under our choice of prior.
2. Extrinsic parameters
We now assess the coincidence in extrinsic parame-
ters between a pair of candidate lensed images. To stay
computationally feasible, we will fix a set of intrinsic pa-
rameters that well fit both events. For the set of can-
didates under consideration here, GW170814 is recov-
ered with the highest SNR and is well localized on the
sky, so we will phrase the question as how consistent
the extrinsic parameters of GW170104 are with those of
GW170814 with intrinsic parameters fixed to be the best-
fit of GW170814. In particular, we will use the maximum
likelihood waveform of GW170814 in the cα-space.
Among the full set of extrinsic parameters, the geo-
centric arrival times and inferred source distances of
GW170814 and GW170104 provide little information be-
cause time delay and magnification ratio between lensed
images are a priori unknown. Therefore, we consider if
candidate lensed images have compatible sky location
(RA,DEC), source inclination ι, polarization angle ψ,
and orbital phase ϕ, with the Morse phase effect taken
into account.
We start with posterior samples obtained from full
parameter estimation of GW170814. We disregard the
intrinsic parameters and fix the waveform to have the
maximum likelihood intrinsic parameters. One subtlety
arises because the precise definition of the orbital phase
ϕ depends on the intrinsic parameters and the geocen-
tric arrival time. Thus we recompute ϕ for each set of
other extrinsic parameters at fixed best-fit intrinsic pa-
rameters.
For each sample set of parameters, we can compute
the expected (complex-valued) overlap in the kth detec-
tor, Z¯k, between the underlying strain signal and the
normalized template. For the dominant (2, 2) harmonic,
it takes the following form
Z¯k = Rk f
1/2
k x0 e
iφ0 ≡ Tk x0 eiφ0 ≡ Tk Y (A2)
where Rk is the complex detector response
Rk = F+,k
1 + µ2
2
− i F×,k µ, (A3)
where µ = cos ι. The detector response coefficients F+
and F× are functions of RA, DEC and ψ [54]. Different
noise PSDs in different detectors are accounted by f
1/2
k .
We have introduced the amplitude and phase constants
of the signal, x0 and φ0, respectively. In geometric lens-
ing, once the phase of GW170814 is fixed, for a counter-
part image φ0 can take only four possible values. On the
other hand, the amplitude x0 is unconstrained because
magnification ratio is not known.
Consider the logarithm of the likelihood
lnL = −1
2
∑
k
∣∣Zk − Z¯k∣∣2 , (A4)
where Zk is the complex-valued overlap between the
strain data and the normalized template in detector k.
Furthermore, we implicitly exploit the inferred sky loca-
tion for GW170814 to predict the relative times to eval-
uate Zk at each detector. Source sky location fixes ar-
rival time difference between detectors, but we have to
marginalize over the geocentric arrival time. We eval-
uate this for every sample set of parameters including
the geocentric arrival time (in practice limited to a small
range of possible values) and the phase constant. For the
overall amplitude, without informed theoretical priors we
choose to simply maximize lnL with respect to x0.
To compute the likelihood integral over the prior un-
der the null hypothesis, we compute on an (RA, DEC)
grid, perform a Montecarlo integration over ι and ψ, an-
alytically marginalize over x0 and φ0, and sum over all
possible choices of arrival times. The Bayes score we
compute is:
Bext =
∑
post
∑
ph
∑
time L|max x0
NpostNph
∫
dθextL
, (A5)
where Npost is the number of posterior samples of
GW170814 used and Nph = 4 is the number of possi-
ble phase values given the phase of GW170814 and the
geometric optic assumption.
To compute a false alarm probability, we inject signals
with extrinsic parameters drawn from the prior distribu-
tion. We set the amplitude so that on average injections
have the same SNR as GW170104 has although the recov-
ered SNRs expectedly fluctuate due to noise. Fig. 7 shows
that only 2.1× 10−3 of the injections have a larger value
for Bext than what is measured for GW170104. If we dis-
regard the Morse phase information, that is if both events
are allowed to have independent phases, 1× 10−2 of the
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FIG. 6: Significance of coincidence in intrinsic parameters for GW170814 and GW170104. Left: We assess coincidence in
intrinsic parameters in the cα space. We project randomly generated physical waveforms into this space and color-code them
according to the value of χeff . In this space, the posteriors of GW170814 and GW170104 have small widths compared to the
extent of the physical region and overlap with each other. If restricted to values close to χeff = 0, however, the chance
probability of coincidence becomes much higher, which would lead to very different inference on the significance of Bint.
Right: Complementary cumulative distribution of Bint (Eq. (A1)) under the null hypothesis with the value of Bint observed
for GW170814 and GW170104 indicated by the vertical dashed line. The distribution is derived from waveform injections
assuming a uniform chirp mass prior between 20 M and 40 M, a uniform mass ratio prior between 0.7 and 1, and a spin
prior for which the dimensionless spin vectors for binary components independently have magnitudes uniformly distributed
between 0 and 1 and have random orientations. We note that the isotropic spin prior adopted here favors low χeff values.
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FIG. 7: Significance for coincidence in extrinsic parameters and a long time delay between GW170814 and GW170104.
Complementary cumulative distributions under the null hypothesis are shown for Bext (left; Eq. (A5)), Btime (center;
Eq. (A6)), and their product (right), with values observed for the pair GW170814 and GW170104 indicated by vertical
dashed lines.
injections have a larger Bext than what is measured for
GW170814. The Morse phase information therefore con-
tributes about a factor of 5 reduction in the false alarm
probability.2
2 For a sanity check, we carry out a Monte Carlo test where only
the phase of the samples of GW170814 and the sidereal hour
of GW170104 are randomized, thus effectively shuffling only the
RA. This procedure is simpler because it requires no injections
into the data. In this case, 7×10−3 of the injections have a larger
value of Bext than what is measured for GW170104. There is
roughly a factor of 6 reduction in the false alarm probability by
accounting for the coincidence in DEC.
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3. Time delay
The time delay between GW170814 and GW170104
δt ≈ 222 d is rather long. We have argued that this could
have been produced by group-scale or cluster-scale lenses
and that their contribution to the strong lensing optical
depth is not negligible. However, had we observed a much
shorter time delay we would have been inclined to take
that as additional evidence in favor of lensing [12, 27]. To
compute a Bayes factor for the time delay we would need
a model for the expected delays from lensing. We could
not do this without making many uncertain assumptions
and choices, or use a realistic catalog of mock lenses [8, 9],
so instead we will simply assume that time delays from
galaxy to cluster lenses span a very large range and follow
a log flat distribution.
For unlensed events, we take the distribution of arrival
time to be uniform throughout O2, neglecting detector
sensitivity variation. The goal of this simplification is to
estimate the order of magnitude of this effect. With the
above simple choices, the Bayes factor for the time delay
is simply:
Btime =
T 2
2 δt (T − δt) , (A6)
where δt is the time delay and T is the entire duration
of the observing run. To compute a false alarm probabil-
ity, we sample from the prior distribution. As we show
in Fig. 7, there is only a 5.5× 10−3 chance that a com-
bined value BextBtime is larger than what is observed for
GW170104 with respect to GW170814.
4. Coherent score for finding sub-threshold images
Associating GW170814 with GW170104 strongly con-
strains source and lens properties. Exploiting this infor-
mation can substantially benefit the search for additional
low-SNR images as the effective look-elsewhere effect can
be reduced. The most obvious piece of information to use
are the intrinsic parameters, which simplifies the search
to have a single template. Less trivial, but just as impor-
tant, is prediction of time delays and phase differences
between detectors based on the source sky location and
other extrinsic parameters inferred from GW170814 and
GW170104, accounting for the Morse phase.
To find additional associated images, we first search all
times in the LIGO O2 data with the following constraints:
1. Squared SNR with the fiducial template (maximum
likelihood template of GW170814) is larger than 47.
2. Squared SNR with any other template does not ex-
ceed the squared SNR measured with the fiducial
template by more than 5 units. This enforces com-
patible intrinsic parameters.
3. Squared SNR at either of the LIGO detectors is
larger than 16.
4. Triggers in both LIGO detectors pass all our signal
consistency checks.
By applying exactly the same search procedure to un-
physical time slides between detectors, we collect back-
ground candidates. For all candidates and background
candidates, we then apply the following coherent score
to evaluate a final association score according to which
we rank the triggers.
The coherent score is computed using:
S ∝
∑
s∈Πpair
∑
φM ,t0
∫
dDL L (s, φM , t0, DL) P (DL), (A7)
where the prior P (DL) is taken to be flat in the relevant
SNR range. Experimenting with this prior, we checked
that it does not affect candidate ranking, but only af-
fects the overall normalization which is immaterial for
the purpose of computing the FAP.
We generate background triggers worth of 2000 O2 ob-
serving runs. Only 26 of those have a score larger than
what we find with GWC170620, corresponding to a FAP
of 1.3× 10−2.
Appendix B: Estimate of the lensing probability
For a crude estimate of the a priori probability of ob-
serving multiple lensed images, we follow the formalism
of Ref. [25]. We consider the differential detection rate of
lensed BBH events as a function of observed chirp mass
(M˜) and redshift (z˜), and express this as an integral over
the flux magnification µ:
d3Nsl(M˜, z˜)
dM˜ dz˜ dt
=
∫
d lnµ
dPsl(µ, z)
d lnµ
d3N(M, z)
dM dz dt
∣∣∣∣∂(M, z)∂(M˜, z˜)
∣∣∣∣ ,
(B1)
where dPsl(µ, z)/d lnµ gives the probability density of
having a source at redshift z strongly lensed with mag-
nification µ and |∂(M, z)/∂(M˜, z˜)| is the Jacobian of the
variable transformation. The observed and true source
redshifts are related by DL(z˜) = DL(z)µ
−1/2 where DL
is the luminosity distance. The differential event rate is
related to the differential merger rate density (per unit
comoving volume) as:
d3N(M, z)
dM dz dt
=
d2n(M, z)
dM dts
1
(1 + z)
dV
dz
, (B2)
dV
dz
=
4picχ2(z)
H(z)
, (B3)
with H(z) the Hubble parameter and χ(z) = DL(z)/(1+
z) the comoving distance to redshift z. We will define the
lensing probability as
Plensed =
d3Nsl(M˜, z˜)/dM˜dz˜dt
d3N(M˜, z˜)/dM˜dz˜dt
. (B4)
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Differentiating the numerator with respect to lnµ
while keeping the denominator, we can similarly define
dPlensed/d lnµ, which satisfies
∫
d lnµ (dPlensed/d lnµ) =
Plensed.
For an order of magnitude estimate of this probability,
we use the simple model of an singular isothermal sphere
with an internal velocity dispersion σ. In this case we
have:
dPsl(µ, zs)
d lnµ
= Psl(zs)
8
µ2
, (B5)
Psl(zs) =
∫
dzl
d2V
dzdΩ
∫
d lnσ
dn
d lnσ
σsl(σ), (B6)
σsl(σ) = pi θ
2
E = pi
[
4pi
(σ
c
)2 DLS
DS
]2
, (B7)
where DS and DLS are the angular diameter distances to
the source, and from the lens to the source, respectively.
Toward low source redshift, Psl(zs) ∝ z3s . For our esti-
mate, we use the approximate fitting formula reported in
Ref. [55]:
Psl(zs) ≈ A z
3
s
(1 + 0.41 z1.1s )
2.7
. (B8)
The contribution from galaxy-scale lenses, as reported
in Ref. [55], translates into A = 5× 10−4. To estimate
the contribution of group-/cluster-scale lenses, we con-
sider the mass function of dark matter halos. We use the
mass function from [56] for the Planck cosmology and
use the scaling relation between mass and internal veloc-
ity dispersion reported in Ref. [57]. These inputs lead to
A = 6× 10−4 when the integral Psl(zs) is evaluated with
the halo mass function at zero redshift, appropriate for
the low redshift lenses relevant for our candidate event.
In Fig. 8, we plot the integrand dn/d lnσ. The inte-
grand peaks around σ = 600 km/s, with significant sup-
port all the way to σ = 1000 km/s. We note that the
SIS model overestimates the inner total matter content
in galaxy clusters. Studies of massive and relaxed galaxy
clusters [58] suggest that the inner slope of the total den-
sity profile is often closer to that of the Navarro-Frenk-
White (NFW) profile [59]. Hence the actual lensing cross
section from galaxy clusters is likely to be less than indi-
cated in Fig. 8.
Still, the contribution from lenses of high velocity dis-
persion is significant. Indeed, cases of multiple images of
lensed quasar with long time delays are not rare [60]. In
particular, for halos at low redshifts the integral receives
sizable contribution from lenses whose internal velocity
dispersions are significantly higher than those of galaxies.
For these type of lenses, long time delays are natural,
∆tSIS = 203 days×
DLS DL/DS
230 Mpc
(
σ
650 km/s
)4 ( µ
10
)−1 1 + zl
1.07
. (B9)
Because the results in Ref. [55] are only based on
galaxy-scale lenses with lower internal velocity disper-
sions than what is reported here, the derived time delays
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FIG. 8: Differential contribution to the strong lensing cross
section with respect to the lens internal velocity dispersion.
The dotted black line is for galaxy-scale lenses in the
present-day Universe, while the other curves are for
dark-matter halos, for a number of lens redshifts. In
particular for low source redshifts, an important
contribution to the lensing cross-section is from galaxy
clusters. We expect that a non-negligible fraction of strongly
lensed events occurring during O2 would be caused by
complex lenses of galaxy cluster scale and would have long
time delays between lensed images.
are shorter. Our estimate indicates that for low red-
shift sources, the contribution to strong lensing optical
depth from group-/cluster-scale lenses is non-negligible
and thus a ∼ 200 day time delay is not at all out of the
question.
To carry out the calculation, we need the mass and
time dependence of d2n(M, z)/dMdts, which are cur-
rently not well constrained by gravitational wave data.
For simplicity, we adopt the parametric form
d2n(M, z)
dMdts
∝M−αM (1 + z)αz ∝
(
1 + z
1 + z˜
)αM+αz
.
(B10)
The power-law indices αM and αz are constrained in the
analysis of Ref. [61]. A value αM ∼ 2 is reported. Al-
though a preference for positive αz is noted, uncertainty
for the value of this parameter is large: αz ≈ 6.5 ± 9.
For simplicity, we take αM + αz = 4. Given the pre-
ferred low source redshift of our candidate, this choice is
not crucial in determining the order of magnitude of the
strong lensing rate unless a very rapid redshift evolution
is assumed.
Let us consider GW170814 with z˜170814 ≈ 0.11 and
assume a magnification factor µ ∼ 10. In this case,
zs ≈ 0.3, (B11)
dPsl(µ, z)
d lnµ
≈ 10−6, (B12)
dV /dz(zs)
dV /dz(z˜)
≈ 6, (B13)
14∣∣∣∣∂(M, z)∂(M˜, z˜)
∣∣∣∣ ≈ 2.2, (B14)(
1 + zs
1 + z˜
)4
≈ 1.4. (B15)
giving a combined
dPlensed
d lnµ
≈ 2× 10−5. (B16)
Integrated over all magnifications, we get Plensed(z˜ =
0.11) ≈ 2× 10−4. Restricted to µ < 10, we only get
Plensed(z˜ = 0.11, µ < 10) ≈ 2× 10−5. In this simple
model and for the low observed source redshift assumed,
lensing at high magnification makes a dominant contri-
bution.
It is important to note that Plensed grows strongly with
an increasing apparent source redshift. For a BBH source
with a higher chirp mass typically observed from a higher
redshift, say z˜ = 0.5, Plensed(z˜ = 0.5) ≈ 2× 10−3.
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